This note contains a proof of a weighted convergence theorem which includes the ordinary "noncommuting" ergodic theorem for noncommutative families of linear contraction operators.
The result to be obtained below takes its rise from the question raised by H.
E. Robbins. As early as 1951 N. Dunford [5] and A. Zygmund [10] , as an affirmative answer to this question, obtained some interesting individual ergodic theorems for noncommutative families of measure preserving flows with discrete and continuous parameters, respectively. Then later (1956) N. Dunford and J. T. Schwartz [6] generalized these results to those at the operator theoretic level. In this note we show that a more general approach of generalizing them can be adopted than the one used by the above authors. As far as the present author is concerned, the considerations of weighted averages are motivated by a paper of D. L. Hanson and G. Pledger [7] who investigate conditions on the sequence {ay,i,j = 0,1,...} of nonnegative numbers with 2jS=o aij = 1 f°r an '' sucn that the sequence 2/1 o ayf ° <P7' converges (as / -> oo) in the norm of L2([i) for any/ G P2(jix) and a ju-measure preserving transformation cp on X. (Cf. Baxter [2] , [3] .) However, it is easily seen that the argument used by them applies to a sequence {ay, i,j = 0,1,...} of nonnegative numbers such that lim,^^ 2/io aij = 1 an^ 2/1 o aij = K < °° uniformly in / for a positive constant K. Now take {uk,k = 0,1,...} to be a sequence defined as before by the requirement that lim ^^ w = 1, and define the sequence {a,y, i,j = 0,1,... 2 aJ ° cpJ = --r 2 Ujf ° q?7 for all i, which shows that the consideration on the system {uk} is closely related to the investigation by Hanson and Pledger. A recent paper of the author [8] generalizes and extends this sort of consideration of weighted averages in a more general situation than the one stated above. (Cf. also Yoshimoto [9] .) Indeed our conditions on the a,/s are stronger than the ones of Hanson and Pledger, but the results obtained are much deeper than those due to them. In fact, the sequence 2/1 o auf ° ^ converges (as i -» oo) almost everywhere on X for any/ G Lp(ji) with 1 Si p < oo and also in the mean of order;? for any / G Pp(jLi) with 1 < p < oo. This note generalizes the situation just described to the case of noncommutative families of linear contraction operators. The first result we shall demonstrate is the following 
and the last term is dominated by a function in Pr(ju) on account of Dunford and Schwartz's theorem [6] . Now the third assertion may be deduced from a combination of Banach's convergence theorem and Lebesgue's dominated convergence theorem. This completes the proof of the theorem. Q.E.D. In particular, applying the convexity theorem due to Akcoglu and Chacon [1] , we have by the same argument as that of Theorem 1 the following License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
